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XVII.' On the Method of determinings from the real Probabilities 
of Life , the Piallies of contingent Reverfons in which Three 
Lives are involved in the Survivor(hip. By Mr. William 
Morgan, F. R. S. 


Read May 26, 1791. 


H AVING been encouraged to the further purfuit of the 
dodtrine of furvivorffiips by the very honourable man¬ 
ner in which my two former Papers on this fubjedt were 
received by the Royal Society, I think it my duty to fubmit 
the refult of my labours to their confideration. The folutions 
of fome of the following problems might have been derived 
from thofe which I have already communicated; but the diredt 
inveftigation of each feparate problem being certainly more 
fatisfadtory, and the rules obtained by this means in general 
more Ample, I have confidered no problem as connedled with 
another, except the relation between them either immediately 
arifes from the folution, or is neceflary to prove the truth of 
it. Being anxious to render myfelf as concife as poffible, I 
have been minute only in the inveftigation of the firjft pro¬ 
blem, and have done little more than Rate the contingencies 
which will determine the furvivorffiip in the others. JBy the 
affiftance, however, of thele, and the operations which are 
detailed in my former Papers, the theorems which I have given 
may be deduced without much difficulty. 

In 
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In order to prevent unneceffary repetitions, it may not be 
improper to begin with explaining the different lymbols which 
are ufed in the following pages. 

A 

’ denote the value of an annuity on the refpedtive lives 

B ’ f of A, B, or C. 

C, J 

D, denotes the value of S on the contingency of C’s fur- 
viving A (by my 2d prob. Vol. LXXV 1 II). 

E, denotes the fame value on the contingency of B’s fuf- 
viving A, found by the fame problem. 

F, denotes the value of an annuity on a life one year younger 
than B. 

G, denotes the value of the abfolute reverfion of S after the 
death of A. 

H, denotes the value of an annuity on a life one year younger 
than A. 

K, denotes the value of an annuity on a life one year younger 
than C. 

L, denotes the value of an annuity on the longed of the 
three lives of A, B, and C. 

M, denotes the value of S by the fir ft problem on the con¬ 
tingency that A’s life (hall be the jirjl that fails. 

N, denotes the value of an annuity on a life one year older 
than A. 

P, denotes the value of an annuity on a life one year older 
than B. 

R, denotes the value of S on the contingency of B’s dying 
after A (by my 3d prob. Vo). LXXVIII). 

S, denotes the given fum. 

T, denotes the value of an annuity on a life one year older 
than C, 


V, denotes 
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V, denotes the perpetuity. 

W, denotes the value of S on the contingency of C's dying 
after A (by my 3d prob. Vol. LXXVII 1 ). 

a, and a denote the number of perfons living in a table of 
obfervations at the ages of H and A. 

s, t, «, w, Sec. denote the number of perfons living at the 
end of the id, 2d, 3d, &c. years from the age of A. 

/3 and b, denote the number of perfons living at the ages of 
F and B. 

m , n, 0, p, See. denote the number of perfons living at the 
end of the ill, 2d, 3d, See. years from the age of B. 

k and c denote the number of perfons living at the ages of 
K and C. 

d , e , f, g , &c. denote the number of perfons living at the 
end of the 1 ff, 2d, 3d, &c. years from the age of C. 

a\ a", a'". See. > denote the decrements of life at the end 
b\ b", b"\ Sec. I of the id:, 2d, 3d, &c. years from the 
c', c ", c ;// , Sec. J refpe&ive ages of A, B, and C. 
r, denotes the value of £. 1 increafed by its intered: for a 
year. 

The combinations of two or three of the feveral letters A, 
B, C, F, H, Sec. denote the values of annuities on the joint 
continuance of two or three of thofe refpe&ive lives. 

PROBLEM I. 

To determine the value of a given fum, payable if A Ihould 
be the firji that fails of the three lives A, B, and C. 

SOLUTION. 

In order to receive the given fum in the flrffc year, it is 
neceffary that one or other of four events Ihould happen, id, 

That 
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That all the three lives ftiould fail, and that A fhould die firft. 
2dly, That B ftiould die after A, and C live. 3dly, That C 
fhould die after A, and B live. 4thly, That A only fhould 
die, and B and C both live. Thefe feveral contingencies being, 

rr 1 , a r . b — m . c~d a' . b — m . d a' \ c — d . m a' . dm 

exprelied by- 7 -7-, —~—~ r —■, and —, 

J lahr * On hr 7 O ahr. nhr 7 


a r . dm 


r cl* t -.1 * r mi i I , Vwrt . a'mc . a'bd T 

refpectively, their ium will berzz— * — +-. hi 

* J abc 3306 

the fecond and following years one or other of the fame events 
mu ft take, place in order to receive the .given fum ; that is, they 
muft either all three die, A dying firft; or only A and B mud: 
die, A dying firft; or only A and C muft die, A dying firft; 
or only A muft die, and B and C both live. The different 
fractions expreffing thofe four contingencies for the fecond year 

bein s—^7—’ —2ar-* and for 


a . m—n 


the third year 


a'" .n—o .e—f c'" .n—o .f d" .e—T^o 


, and 


a'" .of 


and fo on, the whole value of the given fum will be 2= 

5 . a! be , met , me . bd , S . a!' „ md ne . nd . me S . a'” 

x —+-T-r >< — + — +—+-7- +-7-1- x 

aber 3 3 6 6 aber 3 3 6 6 abcr i 

tif of 06 nf o i*i S * be . a *md a • en 

- +L + + &c. which are = —- x — —r—+&c.+ 

2366 2 > abc r > r 3 

S a'mc , a"net a'" . oe » , S a'db a"em a'" .fn „ 

X- + -r--i - j— + &C. + —- X- b—r+ i~ + &c. 

6 abc r r r 3 babe r r / 

?■-£_ x a ~+ - — 4-— f. -f&c. From the demonftration of 

•>~3 abc r >" r } 

the problem in my laft Paper * it appears, that the ,firft of 
thefe feries is » | x - ' y | r — - S - x BC -ABC; that the fe- 

cond feries is = ^ x---- x-—--; that the 


that the 


* See Phil. Tranf. Vol. LXXIX. 

L 1 
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third 
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.. ,r • • S B. FC-AFC S d . BT — AST , a 

• third ieries is = - x---- - x-; and that the 

6 b or c 


S 


fourth feries is= x BC —ABC-x 

• 3 3 


S md . FT—-API' 


be 


Thefe fe- 


veral expreffions being added together will be found — S into 

f 
65 


ixL ++ * x FC-AFC + — x Be - abc 

L * n 1 ' 


3 C 


. PC- a PC 


6 br 


d BT — AB 1' , m . PT- AP I' 

— X - - - _+_ - - - .. 

3 cr 2 • b 


This theorem gives the exadl value when either B or C are 
the oldeft of the three lives; but when A is the oldeft, it will 
be neceflary to exchange the fymbols a', a", a", &c. for 
a— r, s — t, t — u , &c. and the fymbols m, n, o, See. for 
c — c\ c — c / + c / , c — c' + c f/ + c 0/ . See. In this cafe the value 
of the given fum for the firft year will be founds-- ] n to 

° ' a her 

abc bsc , amc msc abc . bsc' amc' msc' r T r , 

_ — „ + _ —-- - + -7 ——- + ; lor the lecond year 

2222003 3 J 


abey 


S . msc rntc , me ntc msc , mtc' 

into — - — + - t I 


me _^s>te me j^sntc 

3 3 2 2 ~ 


2i' 4- — ; for the third year = JL into - _ ™ + fff + ^ + 

2 2 « 5 cr 3 2 222 6 ~ 

»«*"' «.V" 0«/" ~ ~ 


»< . /+£" nu . c' + c" of . c'+c" , eu . c' + c ' 1 
2 , 2 * 2 ' 2 


6 3 ' 3 

and fo on for the remaining years of A’s life. Hence the 


whole value of the given fum will be = -A x + ^ + 4. & c . 


lab 


S bs mt nu q 

--X — + -i-+T + &c. + 

lab r r r s 


S w am . ns , ot , c 
— X — -f - +-+ See. 

lab r r r 6 


lab 


X 


ms nt ou n S abc f msc" . ntc'" , p S 

—b —+ — + &c. — — X -+ _-+ + &c. - —— 

r r r\ babe r r r 3 zaber 


msc' . nt . c' -f /' , 0 . S 

— +.— JL- 4. & c . + t-t x — 

r r* babe r 


-y- + &C. H-f- X 

I s 2 <? 5 £r 

mtc 




Survivdr/hfrs, 


mtc' nu.c' + c" „ g amc ' ns . c" ot . c*" , S 

r r ^abc r r r 3 %abcr 

nsc f ot * c'+c" q S msc' nt . c" ouc"' Q S 

r r 3 ^ r r z r 3 

J" 1 -t-&c.. . .The firfl: four feries are refpe&ively =; 
•—t - (or —— J - -—— +-- — . . • The firlt term of 

2 ab s 2 r J 2b 2a 2 

the fifth feries, or —, is =* ~ x -fi - a J L±zL the fecond term 

r abr age 

msc” * . c — c' + c'' msc f A , « . , 

or —ism -~x — --—-*--7 .... the third term, 

r abr z a£ afo r' J , y 

M ntc ”' • _ w ^ . f-7'+ *" + ?"'' nt'.P+T? T . r 

or 7 T> «■= . 7 ? x --- —7?^- • Therefore 

the fum of the fifth and lixth feries is = — — - . 


»f . c' + c" 


— &c. £= ) — — x AB — ABC. In the fame manner the 

' 3 r 


feventh feries may be found 


~ x AF - AFC - -pi- 

bb . (saber 


rU baba ^ —’ ^ C * 5 and confequently the fum of the feventh and 
eighth leries is == ^-4--. Again, the ninth and 

' i r • i r j «.HB —HBC/ nsc* ot . c' + c" 

-fm mntr hia fAnnrl *— . ___,__/ ■ r 


tenth feries may be found — — 


babcr z 6 abcr J 


lafi: feries, 


AP — APC 


; and the eleventh and twelfth or two 


'/ ”tc' i 

\ (saber 2 


• + &C.=) + 


waPN-PNC 


-3 V T -6 aber^ baler* T “ M -> T 6 abr 

If all thefe expreffions be added together, we fhall have the 

Value of the given fum = S into ~ b x * : — ■ J aHFC! — AF + f AFC 

LI a 


4 - 
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2<3 


+ 1 x - AB + 2ABC + L - Ll N ~ BN: . c _ AB - ABC 

* 6 a y a 

+ -2L X — N ~ — - AP- APC• 

* 6 or ci 

It may be obferved, that the fir ft four feries are alfo = E> 
and therefore if this value be fubftituted inftead of — C?-, &c. 

lab 


the general rule will become = E + S into - — x HB — HBG + — 

° 3# 21 ! 

nr? 7n?F . , • AB^ABC (5 . AF^AFC m . AJCTapC r 

x Hr - HrC-f-——-4.- r - — -l — 

3 y * tbr * yr 


x B£M ~ JttiNC + ~ x PN — PNC *.Suppofing the three 

lives to be equal, the firft of thefe rules will become™—-^ — 

**■ o.v 


*« . KK-CKK 

6 . cc 


- X CC - ccc 
¥ 


* . CK—CCK d. CT-CCT 


6 c 


bcr 


CC+ 2 CCC . dd . TT-CTT 


•7-, and the fecond rr -—h_!_Y —>\ 

b . cc . r 2 r 


r-i CC CCC * . CK — CCK xx ■ KK — CCK f ^ . CT-CCT , , 
¥ be 6 cc bcr 

* anc ^ a ^° t ^ ie ru ^ e denoting the value (when 


either B or C are the eldeft of the three lives) will become = 
— y ~ CCC + 3 i x CK - CCK X Kg - UUC- i Xj 

"~~3r- x A 1 - CIT. Let this laft expreffion be called 

Q and compared with the firft of the preceding expreffions. In 


this cafe we fhall have — L ££ _ £Si + iccc ^ cc—ccc ^ Q. 

2 r 6 gr o 


r — I . CC-CCC 


+J 


6r 


X 


r— 1 . V — CCC 


Q, from which Q may be eafily found — 
Again, let the fame expreffion, denoted 
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by a, be compared with the fecond of the preceding expref- 

1 11 1 1 7 —i fv-rc q , V — 1 . cc~ccc 

noiis, and we mall then have ——- 4 ---- 

7 2r 2 2 r 

= Q, and confequently Q= S x r ~ . L^T ~i 2^9 as before * . . . . 

Now it is well known, that when the lives are all equal, the 
value of the reverfon mail be one third the difference between 
the perpetuity and the three joint lives, and therefore a demon- 
dration arifes of the truth of the whole folution. As a dill 
further proof of this, the foregoing theorem may be imme¬ 
diately deduced from the feries themfelves: thus, the value of the 


given fum for the find year will in this cafe be — 5 for 

the fecond year it will be = —l for the third year it will be 
— s • Hence the value of the whole reverfion will be= 

&C. + - X 4~l + T1 + T1 + &c * = - *J 

2 C J r 2 * 


3 C 


$ I d 

~ x - - 


r. 


c 5 r c 5 r 


■ 3 r z 


I 

r 


-CCC + — =- X r i • — CCC 
r 3 r 


" 3 f_ 

c z r 

q. e. a 


PROBLEM II. 

To determine the value of a given fum, payable if Afhould 
be the fecond that fails of the three lives A, B, and C. 

solution. 

The fum S may be received in the fird year, provided either 

* This expreffion may alfo be obtained from either of the above general r\»ies, 
independent of the two others, in like manner as in the folution of the fourth 
problem, 

7 of 
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of three events fhould happen; ift, if the three lives fhould 
become exfindt, and A be the fecond that fails; adly, if A 
fhould die after B, and C live; and, 3dly, if A fhould die 
after C, and B live. But in the fecond and following years* 
the given fum may be received, provided either of feven events 
fhould happen, iff, If the three lives fhould fail in the year, 
A’s life having been the fecond that failed. 2dly, If A only 
fhould die in the year, B having died before the beginning and 
C lived to the end of it. ^dly, If A only fhould die in the 
year, C having died before the beginning and B lived to the 
end of it. 4thly, If A fhould die after B in the year and C 
live. 5thly, If A fhould die after C in the year and B live* 
6thly, if A and C fhould both die in the year (A dying firffc) 
and B’s life fhould have failed in one or other of the foregoing 
years ; and, ythly, if A and B fhould both die in the year (A 
dying firfl) and C’s life fhould have failed in the foregoing 
years. From the feveral expreffions denoting thefe contin¬ 
gencies the whole value of the reverfion may be found =. 


s 


x - + — + 

lac r r 


4 - &C. + 


a + + &c. + 

Zac r 7 r 3 


S ab 
X — 

r 


a''m 


zab 

;SS 


-f* &C. 


S am a" n , 

X— + - + - 


Zab 


+ &C. 


&C. 


+ &c. 


a*be r d'md f a n ne n 2 . S a rnd o!'ne .a fn of 

7" X — "T* - • T" T* CCC* ~~ —■*r X —-— *y jr* "T* —: 

%abc r r 5 3 abc r 7 ? 3 

S of me af'nd d ,f! oe c S a'bd a /r me ■ a tn n. 

X - + + &C. --~X- 

3. abc r r r* 3 abc r 7 r 3 

The two firft of thefe feries are = D, . . the two next = E . . * 
and it appears from the folution of the preceding problem that 
the four remaining feries exprefs double the value of the fum 
St, depending on the contingency of A’s dying firft (when B 
or C are the oldeft of the three lives) with a negative fign. 

The 
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The general rule, therefore, in this cafe will become = D 4- 
E-aM. 

But when A is the oldeft life, recourfe mu ft be had, as 
in the fecotid part of the preceding problem, to different fym- 
bols, and the value of the reverfion will then be found = 

bs . mt nu' Q 

- + -r + -3 + &C. + 

r 7 1 j 


s 

— X 

ab 

ab 

7‘ 

■4- 

ms 

r l 

- + 

nt 

7 

+ 

&c. 

s 

+ ** 

S 

- X 

abc 

abc' 

r 

, msc" 

ntc" 

+ 7T 

+ 

&c. 

s 

3 ahc 

ji x 

a me' 

nsc n 

+ f 


+ 

&c 

2 S 

ybc 

r 

1 

y 


;3 

wvv 9 

3 abc 

S 

__ x 

msc f 

4- 

nt 

. c / 

+£ 

j_ 

&c. 

S 

abc 

r 

1 


r x 


n 


abc 

S 

__ v 

nsc' 


• L 

y + 


. lx 

abc 

r 

r 

r 


r *■ 

A/VI 

abc 


bsc t mic" , nuc 
r 


, mtc nuc Q 

f + + &c. + 


msc , ntc 

X — + —i 

r r 


jr 


ouc 


+ &c. + 


mtc' . nu . c -f c" , n 
X -+--- + &c. + 


nt 


c 1 ou • c ‘ + < 

-r —-:— 


+ &c. -f- 


S a— s . h , Sr—t. m t — u . n 
x-*+-3— + 

lab r r 


n S ' a — s t m , S — / 0 

-{- &C» “j-- ^ I a &C. ~f“ 

' 1 2^ r r* 


8 y 

r 




s — t . c — c' +e'‘ 


+ 


&c. - i X = + “ + " + &c. + i X m -L +2. + ’± + &c. The laft 

ab r r t* at? r 7 r 

two, and the firft ten feries are= - 2M, the eleventh and 
twelfth feries are—.D, and the thirteenth and fourteenth feries 
—E ; confequently the general rule becomes = D + E - 2M, as 
before. 

Suppofing the lives were all equal, the above expreflion would 

VZTi . V — CC_ 2 . s 
r y 


be = 


x r — 1 .V 


CCC =- X — 

3 r 


V - 3CC-2CCC, which is known from other principles * to be 
the true value, and therefore the inveftigation is right. As a 
further demonftration, however, it may not be improper to 


See Phil. Tranf. Vol. LXXIX. 


obferve, 
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pbferve, that this rule is immediately obtained from the dif¬ 
ferent fractions which exprefs the feveral contingencies in each 
year. For in this cafe, the value of S for the firft year becomes 
s 


I 

. X - 


dd . 2 d 3 r ■ .1 r ^ S dd ee 2 d 3 , 2 e 3 

—for the iecond year — — x--- + — 

^ cc c 3 r cc cc c 3 c* 


and fo on for the other years. Thefe feries being added 


S i 

together will be found =—x — + 

3 r 


2 d 3 2e* 

-7— + -5— 


1 X 3^ + 3f j 

3 ccr cc . r 2. 


3 dd , 3 ee 


& c . + ^x21 a + 

3 r ccr 


-^ + &c.-X 

cc . r yr c 3 


See 

2 d 3 . 


2 c 3 


;+ &c. 


S r- 

o X — 
5 r 


- X V-3CC-2CCC _ Q. E. D. 


PRO B L E M III. 

To determine the value of a given fum payable on the 
death of A, if his life Ihould be the lajl that fails of the three 
lives A, B, C. 


SOLUTION. 

The given fum can be received in the firft year only upon 
the extinction of the three lives, A having died laft. In the 
feeond and following years it may be received provided either 
of four events Ihould happen : ift, if all the three lives Ihould 
fail in the year, A dying laid; 2dly, if A Ihould die after C in 
the year, B having died in either of the foregoing years; 
3dly, if A (hould die after B in the year, C having died in 
either of the foregoing years; 4thly, if only A fhould die in 
the year, B and C having both died before the beginning of it. 
The value therefore of the reverfion (when B or C are older 

than 
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than A)willbe«ixi'+ % + *!1 + &c. + 4x ^^■+ *'* 

/ a r r z t* 'labe r r 
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, 1 S _ a 'mi a"ne a "of « S a me a"nd a"'oe 

+ &C. + --X--f-r-+ “V-+ &c. +r-r x —+ + -v- 


%abc 


babe 


. q ' S a'bd a n me a fff nf q 

+&c.+ rr x —+ —+ + &C. 

babe r r l r 3 


o ac , a"d a'"e n 

. — X _ + -_+ + &c. 

r r" ' r 6 


S 

2ac 


a'd a f/ e a'"f Q „ _ 

X — + — +~ + &C. - —_ X — + 


__S a f b 

'lab r 


4 - &c. 


s x~ + £? + C' + &c. — G + M-O + E. 




When the life of A is the oldeft of the three lives, the fym- 
bols being changed as in the two preceding problems, the value 

of the reverfion will become — - 4 x -L + ~ 4- 4- &c. - 

babe r r 2 >3 


S msc' , f nt nc'^rc" t 0 . S to' , mV'' , nuc ,f/ 0 

x — + —-—*f &c. + rr x--+——+ -5- + &c. + 

2abcr r r babe r r r 3 


S w . c , »K . f +c . » S awe . ns c ot . c . (, 

X -d---{- &C.- - X--1-— 4- &c. 

r r Z aJC r r ?3 


JLx*2if4*4±': + &c.+ ^ 

labor r r* $abc r r- r 3 T 


_£_ x ^il' + °lifl£+&c. + -X^ 4 —4^ 

Saber r r z 2 ac r r l r > 


' T"“" S s-t . c' . t-u . c' + c" 

4- &c. 4 - — x —-— +-—- 

acr r r 


■&c» 


By the fecond part of the folution of the firft: problem, the 
firft eight feries may be found —M-E; and the la ft two 


feries being eafily refolved into — x a —± 4- i_f 4. i_Jf 4. & c# _ 


2 ac r r % 2 ac r r 2 


4-&c. are = G~D. Hence the general rule, as in the former 

When 


cafe, becomes = G 4- M — D +-E. 

Vol. LXXXI. M ra 
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When the lives are all equal, the above exprefiion will be 

s - tF—F Tv “(ice s — 

changed into - x r — i x V-L -j--—- — V LLj ——-— 

x —; or “ one-third the value of the abfolute reverfion after 
3 

“the extinction of the longeft of the three lives.” This is 
known from felf evident principles to be the true, value, and 
therefore the foregoing iolution is correct. The fame rule may 
alfo be obtained immediately from the feriesfor the value in 

this cafe for the fir ft year will be = S - x i — - + — for 

J r 3 c cc 3 

| i S (id 3 t ^ (Id . (i . BC 6 i r~ *+ 

the lecond yearz^^ x —--h - + - ~ - 5 and lo on for 

J t 3 C 3 <A CC C CC C 

the remaining years. Hence the whole value of the reverfion 
will be = x L + - x - — L = x - Q.E. D. 

yr 3 r r 3 

PROBLEM IV. 

To determine the value of a given fum payable on the ex* 
tin&ion of the lives of A and B, ftiould they be the firji that 
fail of the three lives A, B, and C. 


SOI IT T I O N. 

The given fum may he received in the fir ft year, either on 
the extinction of the three lives,, C having died laft; or on 
the extinction of only the two lives A and. B, C having fur- 
vived the year.. In the fecond and following years the given 
fum may be received!, provided either of fix events fhould 
happen, ift. If the three lives thou Id become extinCt in the 
year, C having been the laft that failed, adly, If A only 

fhoukt 
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Should die in the year, B having died before the beginning, and 
C lived to the end of it. 3dly, If B only fliould die in the 
year, A having died before the beginning, and C lived to the 
end of it. 4thly, If A and B ihould both die in the year, 
and C furvive it, 5thly. If C fhould die after A in the 
year, B having died in either .of the foregoing years. 6thly, 
if C fliould die after B in the year, A having died in either 
of the foregoing years. The fractions denoting thefe fe- 
veral contingencies being added together will be found — 


S a'c , a" . d , ,/". 

— X - 

2ac r 7 f 5 


o , b a a , a e 

+ &CC. + —X — 

2 ac r r 




+ &C. — 


S a' be a" md a'"ne 9 S 

X — + —T- + —J--.+ &C. + —r- X 


r” f . n r ne . a* Ar a r 


bai>c 


2Cibcr 


+ 


+ &c. - 


S a' me . a"nd a!"oe , 0 S nd . a oe . r/+a" « , 

x . — + — — + — + See. — zrrr.. x — -h---+ &c * + 


%abc 


2 ubcr 


~r x 

tabc r 


a'bd a" me a" f r'f 


+ ^T Z +&C.+ 


rne . o' rf . a -f a 


%abcr 


See. — 


S ne , a' of . d -|- a” 0 

X -- + - -^-h&c. 


il x^ + — + See. - 

■$aoc r r~ r 3 Kwcr r 

The firfl: two feries are = D ; the third and fourth feries are = 
4 - x BC- ABC- — ' ; the fifth and fixth feries are = — 

^V* O • be 

K . BK- ABK m . I J C - AFC 


3 C 


bbr 


; the feventh and eighth feries = 


a . fc AFC d . BT Abt ^ and tenth feries = 

6 b T s r 

Hence the whole value of the 

S . 8 


md. FT—Art' a.. uC-AB, 


6 ber 


reverfion will be = D — 


s. 


3 1 ' 


/• r; ' ^h-UK'-AKK 


2 b 


FC —AFC 


2 . S. r — I 


X BC - ABC - x PC - APC + '— x 

0 br 3 cr 


t>b 

S.d 


BT-ABl 4 


m . PT- APT 


2 b 


M m 


The 
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The preceding theorem expreffes the value of the given 
fum whether C be the oldeft, or B one of the two lives to be 
furvived, and will therefore be fufficient in all cafes. In order, 
however, Hill more fully to prove this, let A be fuppoled the 
oldeftlife, and inftead of b — m, rn — 7/, n-o , &c. and a\ a'\ 
a &c. let b', b'\ b"\ &c. and a — s, s~t, t - u, &c. be 
fubftituted; then will the value of the reverfion be found = 

s 


S clS 

x — 

2 be r 


db f ‘ 


eb 

r 3 


4- &c. -f —- x 

2 be 


S acb' . dsb" , eib'" 0 S 

r— X- + —r +—--- + &C. + — — X 

babe r r r 5 2 *bcr 


a csV , dtb ,f , eub m c 

— t ~ x-1 — 4 -— 4 - &c. 

3 abc r r r * 


S 


2 aber 


S adb r seb" ftb' r Q S 

X — 4-—+-— 3 - 4- &c, 4- 

r r r 3 


114. 

f/" 

4 - ' JL 

&CC. 

? 

f- + ,3 + 

• a 4 

/ . b' + b" , 

&c. 

• -- i 

r 

~r 

r 

d b ' 

eu , b -t* 

&c. 

- 

r 

r L + 


babe 

2 S 


— x s j£. 
labor r 


tf . b -f 


4- &c. 


dsb' , • /» 

X — 4- — r- 

e>abc r r 


fu . 


4- &e. 


s x 2 jiy> 4 +£.' + &c. 


,3 • ” 2^r 

Let £ denote the value of S on the contingency of C’s fur- 
viving B, and the general rule deduced from the preceding 

feries will become = £ — - 


« . HK. — hbk , - xinr 

X-—- 4 - AK-ABK 4", 


2 a 


xHC-HBC 


2S . t — I 


S . J 


3 r 

NT-NBT 


X AC - ABC _ x NC - NBC+’ 


S ■ « 

6 a 

S „ d ■■ .^ y ^ 

X Ai — ABi 4 -~-which appears to be exa&ly 

the fame rule with the foregoing, if the lymbols of A and B 
be only exchanged for each other. 

If the three lives be of the fame age, both thofe rules will 

feverally become = S into 


—xV-CC-™xKK-CKK 

2 r 6 cc 


be 


XCK-CCK 


dd 




X CC - CCC 4- ~ X CT-CCT+— x 

0 or boor 

TT~ 
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TT- CTT. The two expreffions - — ^~ CKK + JL x 

* bu bcr 

CT — CCT, by refolving them into their refpe&ive -feries, will 
i-CC . d . 


be found: 
expreffions 


6 r 


bcr 


de 

'bF? 


JT ^ 

FgVj-f g^4 + &C., and the two 


dd ■ TT-Cr -' _ ~X CK - CCK = ~ - 

6 /* 


beer 


bcr 


7— + + &c.; hence the fum of thefe four expref- 

beer beer 5 beer 4 r 


fions will be: 


_,.v-cc 


Or 


and confequently the general rule 


p 0 # S '/ I - - ---^ 7 r -r- - ." i r. - 1 : .: 

in this cafe will be = — : — — X V — 3CC — 2 L(JC, which is 

known to denote the true value from other principles *. 

As a further proof of the accuracy of the preceding invefti- 
gation, it may not be improper to obferve, that this rule may 
be immediately obtained from the different fractions which 
exprefs the value of the given fum in each year. For in this 

cafe the value of S in the firft year is = — x - — — + » in 

the fecond year =r - x~-^ — ~+^, and fo on in the 
other years, which expreffions may be eafily found = 
xV^iCC - zCCC. Q. E. D. 


PROBLEM V. 

To find the value of a given fum, payable on the death of 
A, if his life fhould be th zjirjl or fecond that fails of the three 
lives A, B, and C. 

* See my Paper in the Phil. Tranf. Vol. LXXIX. 

SOL C* 
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SOLUTION. 


In the firft year the payment of the given fum depends 
upon either of four events, lft, That all the three lives (hall 
become extindt, the life of A having been the firft or fecond 
that failed. 2dly, That A and B (hail both die, and C live to 
the end of the year. 3dly, That A and C lhall both die, and 
B live to the end of the year. 4thly, That only A (hall die, 
and B and C both live to the end of the year. Iti the fecond 
and following years the payment of the given fum will depend 
Upon either of eight events happening, ift, That all the 
three lives (hall drop in the year, A having been the find or 
lecond that failed. 2dly, That G furvives, and only A and B 
die in the year, ^dly, That B furvives, and only A and C 
die in the year. 4thly, That both B and C furvive, and A only 
dies in the year. 5th!y. That A dies in the year, B having 
died before the beginning, and C lived to the end of it. 6th!y, 
That A in like manner dies in the year, C having died before 
the beginning, and B lived to the end of it. ythly, That C dies 
after A in the year, B’s life having failed ineither of the preced¬ 
ing years. 8thly, That B dies after A in the year, C’s life having 
failed in eitherof theprecedingyears. The fractions denoting thefe 

feveral contingencies are — —x-- : —-— 4- &c. 4- 

0 2 ac r r- r 3 


~X- + -,-+~ + &c. + -X--+ ~ 

2 ac T r ? 2 no r r s 


.an 0 

+ —+ &c. + 


$ u*m a "n a"‘o » S a'be a" md a"'ne B 

—- X — + — + —j + &C. - — X- 1 --+ + &C. 

%ab. r r~ r 5 $at?c r r 


S a m ' 
6 a be r 


a"nd a or o S Jba a" me a ut nf 0 , 

■ + —r + «c. - r— X — + — r - + -— + &c. - 

r babe r r ? 3 


±- L_! 4-— + &c. = D + E - m; 

$«bc r r~ r* 


This 
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This general rule gives the true value whether the life of A 
be older or younger than both or either of the lives of B and 
C. When the three lives are of equal age, the value of S for 

the firft vear will be= -x- + d % — —, for the fecond year=: 
* r 3 t* cc J 


x—, and fo on for the other years. Hence 

r 3c 3 CC CC 


the whole value in this cafe will be = 


y 


X2V-3CC-CCC, 


which expreffion may alfo be derived from the general rule juft 
given above, or D + E — M. 

The folution of this problem may alfo be obtained either 
from the firft and fecond, or from the third 1 problems. In the 
one cafe the value of S is evidently equal to the Jum of the 
two values determined by the two firft-mentioned problems,, 
or D -f- E — 2M + M = D + E — M. And in the other cafe its- 
value is equal to the difference between the abfolute value of 
the reverfion after A (<*G) and its value depending upon the 
contingency that A (hall be the laji life that fhall fail, which, 
being — G + M — D + Jc. by the third problem, it follows, that 
the general rule on this fuppofition will he alfo — D+E— 3 VL 
QJE. D. 


F R O B L E M VI'. 

To find'the value of a given fum payable on the death of A, 
fhould his life be the ficand or third that (hall fail of the three 
lives A, B, and C. 

s o l u t r o N. 

The payment of the given ("urn in the firft year will depend 
upon the contingency of either of three events, iff, That 

n a It 
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all the three lives fhali become extinct, A having been the fe¬ 
cond or third that has failed, adly, That A fhali die after 
B, and C live to the end of the year, ^dly, That A fhali die 
after C, and B live to the end of the year. In the fecond and 
■following years the given fum will become payable, provided 
either of eight events fhould happen, iff, If all the three 
lives fhould fail in the year, A having been the fecond 
•or third that died, adly, If A fhould die after B in the 
year, and C live to the end of it. 3dly, If A fhould 
■die after C in the year, and B live to the end of it. 4thly, If 
A and C fhould both die in the year, B having died before the 
beginning of it. ythly, If A and B fhould both die in the 
year, C having died before the beginning of it. 6thly, If A 
only fhould die in the year, the lives of B and C having be¬ 
come extind in either of the preceding years, ythly, If A 
fhould die in the year, B having died before the beginning, and 
C lived to the end of it. 8thly, if A fhould die in the year, 
C having died before the beginning, and B lived to the end of 
it. Hence the whole value of the reverfion will be found = 


s - X -+A- + -V + &c. - ij-X- 
a r r A r 5 $abc r 


a be d'md , a uf ne 


+ &c. - 


S ^ a*MC 
babe r 


a"nd , a 9 "ot 


o S a! bd a" me , a f, 'nf c 

&c - -6**-r + —+— + &c -- 


s x «w + »^ 5 + i"y + &c . _G - M. 

Qa be r r z r* 


This rule is correct in all cafes ; but when the three lives 


are equal it becomes more flmple. 


and 



2V-3C —CCC; which expreffion may likewife be obtained 
immediately from the feries given above. 

The folution of this problem, like that of the foregoing 
one, may alfo be derived from the firff three problems; for the 

value 
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value of S is either equal to the difference between the abfolute 
value of the reverfion after the death of A and its value de¬ 
pending on the contingency that A fhall be the jirjl that fails 
(found by Prob. 1.), or it is equal to the fum of the two values 
depending on the contingencies that A fliall be the fecond or 
third that fails (found by Prob. 2. and 3.). In both cafes the 
general rule is = G — M» Q. E. D. 

PROBLEM Vit. 

To find the value of a given fum payable on the death of A, 
(hould his life be the jirjl or lajl that fails of the three lives 
A, B, C. 

SOLUTION. 

In order to receive the given fum in the firft year, it is necef- 
fary that either of four events (hould happen. 1 ft, That all 
the three lives Ihould fail, A having been the firft or third that 
died. 2dly, That B (hould die after A, and C live. 3dly, 
That C Ihould die after A, and B live. 4thly, That A only 
Ihould die, and B and G both live. In the fecond and follow¬ 
ing years the given fum may be received, provided either of 
feven events (hould happen, ift, If the three lives Ihould 
fail, A having been the firft or laft that died. 2dly, if B 
Ihould die after A in the year, and C live to the end of it. 
3dly, If C (hould die after A in the year, and B live to the 
end of it. 4thly, If A only (hould die in the year, andB and 
C both live to the end of it. 5thly, If A’s life (hould fail 
after that of B in the year, C’s life having failed before the be¬ 
ginning of it. 6thly, If A (hould fail after C in the year, 
B having failed before the beginning of it. 7thly, If A only 
Vol. LXXXI. Nn (hould 
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fhould die in the year, B and C having died in either of the 
preceding years. From the fradlions denoting thefe feveral 
contingencies the whole value of the reverfion will be founds 


S V , a" , 

— X-f- — 4- T~ 

a r ** 


-j- $£C, 


— x — + ~ + ~ + &c. 

2 ac r r r J 


S ad a n e a n/ f Q S a'b a"m a ,r n Q 

— X — + -r+-r + &C.-> X-+ — + — + &c. 

2 ac r y r 6 2 ab r r z r s 



i d'n . a nr o Q 

+ -r+ — + &c > + 


2S ^ a'be t a // md , d'ne 
r A * i " T 2 • 3 * 

3 , abc r r r 


■f* &C. -p 


S a'me 

2,abc r 


a nd 


0 , S a'hd 

■+ &C. + — X- 

3 ,abc r 


V 


+ &C. + 


2S a'md , a"ne (i"of ~ ^ f=r—■—r- « » 

—- X- + — r + + &c. = G - D + F + 2M. 

^abc r r r i 

This general theorem will give the exadt value in all cafes; 
but when the lives are equal, it is rendered more fimple, by 
fubftituting the feveral values of G, D, E, and M, and will 


then become = r ■ - x 2V-3C—3CC+2CCC ; which expref- 

fion may alfo be derived in this particular cafe from the dif¬ 
ferent feries denoting the value of S in each year. 

The folution of this, like thofe of the two preceding pro¬ 
blems, may likewife be obtained by the affifkmce of the firft 
three problems. For the value of this contingent reverfion is 
either equal to the fum of the two values of S payable on the 
death of A, if his life fhould be the firff, or if it fhould be 
the laft that fails (found by Prob. I. and 3.), or it is equal to 
the difference between the value of the abfolute reverfion after 
A’s death, and the value of the contingent reverfion after A’s 
death, provided he fhould be the fecond that fails of the three 
lives (found by Prob. 2.). In both cafes the general rule be¬ 
comes— G — D + E + 2M. Q. E. D. 


PRO 
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PROBLEM VIII. 

To find the value of a given fum payable on the death of 
A or B, (hould either of them be the jirjl that {hall fail of the 
three lives A, B, and C. 


SOLUTION. 


In each year the payment of the given fum will depend upon 
either of fix events, ift, If the three lives (hould fail in the 
year, A or B having died firft. 2dly; if A and B (hould die in 
the year, and A live, ^dly. If C {hould die after A in the 
year, and B live. 4thly, If C (hould die after B in the year, 
and A live. 5thly, If A only (hould die in the year, 
and B and C both live. 6thly, If B only (hould die in the 
year, and A and C both live. The fractions denoting thefe 


feveral contingencies are = + — ? — - + -p &c. — 


S c mca' , nda” , oea ,n , 0 S K bda , mea n 

X-+ —+ —+ &C. + —r X- 


nf . a 


babe 


3 <a be 


&c. + 


S mdat neat’ 

X-+ —• 

babe a r 


b^-+&C.+4 X 


2 be ' 


" m • c « m — n . d . n — o.e 

~~ * * i * 


+ 


&C. + 4 

2 be r 1 r r 


* 2 ctbc 


+&C.+-4-X— 

1 1 2 abc r 


vd.a' + ct . 0 S bda* me.a' + a" 

—-—+ &c --s x —+ 


-&c. 


S md .a' , tie . a! + a' 
> 2 abc ^ r ' r z 


„ 0 . * 0.FK-AFK . 

+ &c. = S into — X - - b - {- 


BK-ABK. 


(2 . FC— AFC . 2 . V— I. BC —ABC , ff2.FC-APC 


6 b 




bbr 


d 


BT — ABT - 1 1 ?-"- FT 4 * S (S denoting the value of S on 

the contingency of C’s furviving B, as in Prob. 4.) 

N n 2 


The 
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The above rule gives the exaifc value when C is the oldeft 
of the three lives. But if A be the oldefl, the fymbols 
muff be changed as in fome of the foregoing problems, 
and the value in this cafe will be exprefled by the feries 

babe r ’t r* 


aix 


rmc" ntc'" J &c 

3 abc 

— ~r 
r 

r 2 r 3 1 

S 

V 

b 

+ *<' + &C 

babe 

r * 

a “ 7 « 

r r 6 

S 

-— X 
ab 

A + 

r 

ms . nt c 

+ — + &C. - 

r r 3 

S „«bc'm .c' + c" - , 

abc 

r 

t WV« ( 

r 2 


x™' + 2f+^'+&c.+ 

$abc r r 


s ms nt eu „ 

X-p_-4 ._ T -j- See. — 

r r r 






thefe feveral feries, the general rule expreffing the value 
of the reverlion will be found = S into — - ‘ •. V ” .. A1 -—— x 


3 * 


HF-BFC , HB-BBC (3 . AF—AFC , 2 . r-1 . AB—ABC 

+ --»- bb -'+ ---- + 


3 r 


m. AP-APC , S v BN — BNC _ m . PN-PNC 
bbr * %ar 2 b 

When the lives are all equal, the firft rule becomes rs 
. V-CC , 2 . “7 . CC-CCC yKK . KK-CKK , * . CKZcCK" , 


2 r 


y 


bcc 


be 


d • CT—CCT dd . TT —CTT 


ber 


beer 


, and the fecond rule = 


r-I.V-CC 


1 g_- r ~{ - CC-CCC _ ** . KK-CKK _ x . KC-CCK ^ d. CT-CCT 
3 r 3 « 3 C ’ 3 ^ ’ 


dd . TT — C l f 


Qfcr 

~i . V~~CC 

6r 


. In the one cafe the four laft frail ions are: 


r- I . V-CC 
3 r 


; and in the other cafe thole fractions are= — 1 
; therefore, in both cafes the general rule becomes 


2 . S ■ r — j 

3 r ~ 


xy -CCC, which is known to be the true value 

from 
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from felf* evident principles. This exprefllon may alfo be 
immediately derived from the different fradtions which denote 
the value of S in each year. For in the firft year thefe fra 61 ions 

—in the fecond year to 


will be reduced to — x — 

_ 3 r __ 

as ^ a lzjl bi the third year to — x ~ 

3 fir J 3 fir 5 

other years. Hence the whole value of the reverfion will, as 
above, be = —x 'V-CCU. Q. E. D * 


r_ 

ch-l 


, and fo on in the 


PROBLEM IX. 

To determine the value of a given fum payable on the death 
of A or B, fhould either of them be the fecond that fails of the 
three lives A, B, and C. 

SOLUTION. 

The payment of the given fum in the firfl year will depend 
upon either of four events happening, iff, That the three 
lives fhould fail, A or B having been the fecond that failed. 
2dly, That A fhould die after C, and B live. 3dly, That B 
fhould die after C, and A live. 4thly, That A and B fhould 
both die, and C live. In the fecond and following years the 
given fum will become payable, provided either of eleven 
events fhould happen, iff, If the three lives fhould drop in 
the year, A or B having been the fecond that failed. 2dly, If 
A fhould die after C in the year, and B live. 3dly, If B 
fhould die after C in the year, and A live. 4thly, If A and B 

^ I do not know that any folution ha? been attempted before* either of this or 
of the two following problems* 

fhould 
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fhould both die in the year, and C live. 5 thly, if B only 
fhould die in the year, A having died before the beginning, and 
C lived to the end of it. 6 thly, If A only fhould die in the 
year, B having died before the beginning, and C lived to the 
end of it. ythly. If G fhould die after A in the year, B hav¬ 
ing died in either of the foregoing years. Stilly, If C fhould 
die after B in the year, A having died in either of the 
foregoing years. 9thly, If A and B fhould both die in the 
year, C having died in either of the preceding years, iothly. 
If B only fhould die in the year, C having died before the 
beginning, and A lived to the end of it. And, laftly, if A 
only fhould die in the year, C having died before the begin¬ 
ning, and B lived to the end of it. 7 he feveral fradions de¬ 
noting thefe contingencies in each year being added together will 


, S bca md . a + a „ 

become = — x — d- 5 -|- &c. ■ 

abc r r 


S ?nca' 

abc r 


nd . a' 


See. 


S bda' me . a' + a" *> 

+ - 7 - X-— d- 3 -+ ccc. ■ 


abc 


S m 1 a! 

X — 


ne . a' (/‘ 


abc 


&c. - 


4S _ bca' ^ mda" tiea'" ^ ^ ^ S ^ me a' ^ met' ^ oea'‘ 


: 3 abe 


+ &C. — 


2S bda' , mea" , nfa"' 

X -+ —- + +&C. 

%abc r r r* 


$at?c r r* 

s X + ^ + + - 


3 a/,c 


r* 


S b—m . c , m — n - d , n — o.e « S b — m.d m — n.e n~o.f 

.—. x ----- 4 - —+ <XC*-- X -—+ -—v-j-5— 

0,bc r r y 3 2uc r r r$ 


+ &c. +4 X — 4 

ab r 


ma ' i n - a '..±L. + See. 


S b/ 

-X — 

ab r 


m . a' 4 a " 


+ &c. +' 


s 

ab 


be/ , rna , na n , Q 

x — + -r d- — 4 - &C. 

r r 7 3 



b — m . 
X-— 

r 



&C. + 


S ca' da!‘ 

— X —+ — 
2 ac r r 


, ea ,,f Q S da' ea 

+ —•+ &C. +■-X —b — 

r 5 2 ac r r 


// ~ fj" 

d - —;—h &c. 

r i 


Let Q 


denote the value of S by the firft rule in the eighth problem, 
and the firft ten feries will be=S - 2 Q. The four next feries 
n are 




are. 
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■ — r ~ 1 ' v ~ — ; and the two laft feries are = D; the 


whole value of the reverfion, therefore (when C is the oldeft 
of the three lives), is—— + D + 2 — 2 Q. 

When A is the oldeft of the three lives, the different feries, by 
changing the fymbols, as in fome of the foregoing problems, will 

, 2S abt , ms.c' + c" , #, 2S rnsc' ni.c' + c" P 

become = x-|-- + &c.-x — +--— + See. - 

abc r r abc r r 


4 S X ^ +++&c + £ x +-J--T + ’±i‘— +&c. 


3 abc 


\abc 


+ JL X —+ ^i- + ^ + &c. + 4x k - + ~+^" + &c.- 

3. abc r r r* 3 abc r 


i< SL + ZjJ+TL + &c. + I + &c. + 

be r r z be r 


— X + — 2 T 
Hbc r r* 


0 S wiff 7 . nc 

—- + &c.-- X-+-— 

r* 2,bc r r 


oc 


&C. — 


S ae' , 

__ x — + 
ac r 


S . c' c" . n . S . S 


+ &c. + —x — + 

ac r 


-f - &C. -{- 


~x —+ -^ 

2 ac r r 


n J " 0 S if' tc" 

—— + &c. -x — +-— 

j 3 2 ac r r 


~ + &c. + 


I x < -=2+2-r + -r-+&c.- i x-^L2 + “ri-‘ + "-^f-* + &c. 

b r ^ 2 r 3 ab r r ^ 


S £ — m . s m m — n.t 

+ -r-x-+-:— 

abr r r 


f &c. Let Q reprefent the value of S 


by the fecond rule in the eighth problem, n and A the values 
of the fame fum on the contingency of B’s dying after-C* 
and on the contingency of A’s dying after C refpe&ively * ; then 

will the general rule in this cafe become = — I .'— y . ———— 


— 2 Q — n + A, or, becaufe D + 2 are = -— l -^-—-—II + A t» 

^ See my 3d Prob. in Phil# Tranf. Vol. JLXXVIII* 

•f See my 2d and 3d Prob. Vol, LXXVIII, 

It- 
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it will be = s ■ + D + 2 - 2 Q, as above. 

When the lives are equal, the rule may be found either im¬ 
mediately from the feries, or from the foregoing expreffions, =: 

x v -ICC -^CCC. Q. E. D. 

3 r 


PROBLEM X. 

To find the value of a given fum payable on the deceafe of 
B or C, fhould either of them be the lajl that fails of the three 
lives A, B, and C. 


SOLUTION. 


The fum S can be received in the firft year only on the ex¬ 
tinction of the three lives, retrained to the contingency of 
A’s life having been the firffc or fecond that failed. In the 
fecond and following years it may be received provided either 
of fix events fhould happen. 3 ft, If the three lives fhould fail 
in the year, A having been the firft or fecond that died. 2 dly, 
If B and C fhould both die in the year, A having died before 
the beginning of it. 3 dly, If C only fhould die in the year, 
A and B having died in either of the preceding years. 4thly, 
If B only fhould die in the year, A and C having died in either 
of the preceding years. 5 thly, If B fhould die after A in the 
year, C having died before the beginning of it. 6thly, If C 
fhould die after A in the year, B having died before the 
beginning of it. From the fractions expreffing thefe feveral 
contingencies, the whole value of the reverfion will be found = 


2S 

$abc X 


mda* ( ne . a' +a /J t S 

—- + ccc# — 


bed 


3 <*bc 




habt 


4 
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S X mca A- nda " - I 0Ca> " 1 are 
babe r ' > 2 + >3 + r 


S hda f ?nea"‘ nf, a?" Q 

- x —- + -r- +-Sr-+ &c. + 


S ba , w . a'-]-a" « . -f</' + 7 . o S n . a' -fa'' 

x —+ --P— + —- —JL -f. &C.-. x-|r-T-- b 

2 ab r r~ r J 2 aq r t~ 


S cci d . d-r-d' . o_ _ S da f m e . 4- <^ // 


o , o ca 
&C. -i-X- 


2ac r 


"•{?** C • *■— 


2 ac r 


f &C. — 


2S mda f ne,a-\-^ ,/ . o 

x - 1 --L— + &c. + 


S nea' of . a H~ a' 


fatter r 


~t~ &C. -{- 


^abc 

S mf n.a'd-a" , 0 S na r o.d^a' Q 

—- X-+- JL -f- & c - - *-+- 2 1 - b &C.' + 

%abr r r~ 2 abr r r 


S d • ci . & • o — \~d*. q S aci f % >> <? t 

-—- x -+- II - 1- &c.- X — +--t --f &c., and 

2^tr r r 4 2 acr r r 

therefore the general rule (when either B or C are the deleft 
of the three lives) will be = S into~ 1 ’ BC ~ ABC 


3 r 


3 C 


(3. FK-AFK , BK-ABK m PC-APC , d.Vi-Av'X 0.FC-AFC 
-I-r--- x — x 


<br 


6 b 


d BT-ABT , S . F — AF r— i . B —AB m . F — AP , * . K — AK 


6cr 


+ 


2^ 


2 r 


2^r 




r — I . C — AC d . T-AT 


2 r 


2cr 


or (fince the firft five expreffions are = 


r_r.BC-ABC 


will be = 


M, and the fix remaining ones = R -f W) it 

S . r — i , BC - ABC 


+ R +W — M. 


When A is the deleft of the three lives , the fame general rule 
may be obtained. In this cafe, by exchanging the fymbols, 

the different feries will become ~-^ c x ~ + ~ ~pr~’ ~ +&c. — ( 


±_ x b Jdl+ m ±d±f + &c. ~i-— 

babe r r'- ^abe 


S am J ns . c' + C 1 ' 0 > 

x -1--- + Sec. +, 


2S ms . c' . nt . c' ~\rc'' 
•ifibc X r r z 

Vol. LXXXI. 


+ &c. -f ~ x -—+ ~r~\- pr Hr & c * 


T r 


O o 
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$ mc f s n . c 'H-c ' o 
_ X _ +— 7 ,— + &<=• 

— x + U ~L J r &c. 

Zac r r~ > 3 


S . w" , .V” . c 

— X--y H-5- + &c ' 

2S //it . / . nt * c 4* c" , o 
x-+-5-1-f- &C. 

2't.bcr r r 


o? j 

<5~j 

X 

+ — 

r r 

_JL x 

nt . c* f cu , c c f 
r r l 

babe 1. 

2 , r— I 

. AB- ABC , B 


4- &c. 4- + 


babcr r 


oi . t - 1-4 . 0 

+ — -f- &c. 


I o , S w/ . Hot' -j~ 

+ bCC, ~j-r X —- -4“—-—- 

1 * her r r z 


-AF- AFC-f 


-J- &c. = S into 
7S , * . iTb-hbc 


v .I LL^-avc (r-.x. . v-c 

3<*r 2^ 6£r 4 r 


r— x . B — bC **— i .A — AC « . H — HC s . N — NC T « 
-—--— ^---. In order to 

r 2 r 2 a 2ar 

get the fame general rule as that given above in the cafe of B 
or C’s being the oldeft of the three lives, it is to be obferved, 
that the fir ft five expreffions, by the fecond part of the folution 

of Prob. i. appear to be = *——’~~——M + E. And (fup- 

poling r to reprefent the value of S on the contingency of A’s 
dying after C) that the laft three expreffions appear to be 

~ _ r — -—————. But E is = R+ r —Ebi—and W mu ft 


i . -V — A — C H- AC 

r - 


T; therefore, the fum of the above 


expreffions may be eafily found = —A 5 F -f- R -f W 


If the three lives be of equal age, the value of the rever- 
fion will be = A t- l" ! x V~-L. This expreffion may be de¬ 
rived either from the foregoing general rule, or immediately 

from 
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from the different feries, and is known to be accurately true 
from felf-eyident principles. Q. E. D. 


I have now given general rules for determining the values of 
reverfions depending upon three lives in every cafe which, as 
far as I can difcover, will admit of an exahi folution. The 
remaining cafes, which are nearly equal in number to thofe I 
have inveftigated, involve a contingency for which it appears 
very difficult to find fuch a general expreffion as fhall not 
render the rules much too complicated and laborious. The 
contingency to which I, refer is that of one life's failing after 
another in any given time. The fractions expreffing this proba¬ 
bility are every year increasing, fo that the value of the rever¬ 
sion rauft be reprefented by as many feries at leaf! as are equal 
to the difference between the age of one of the lives, and that 
of the oldeft life in the table of obfervations. I have indeed fo 
far fucceeded in the method of approximation as that the rever- 
fion may be generally afcertained within about T ^th part of its 
exad value; but I fhall not trouble the Royal Society at 
prefent with thefe inveftigations. 

The 34th, 35th, and 36th problems in Mr. Simpson’s Se¬ 
lect Exercifes involve, this contingency, and, by the affiftance 
of M. de Moivre’s hypothefis, admit of an eafy folution. 
But fuch is the fallacy of this hypothefis, that it renders Mr. 
Simpson’S conclufions obvioufly wrong, though his reafoning 
is perfedly corred : for it cannot furely be an equal chance in 
all cafes that one life fhall die after another. In the fhort 
term of a fingle year the chances are indeed fo nearly equal, 
that it would be wrong to perplex the folution by attempting 

O o 2 greater 
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greater accuracy. But when the number of years* and the 
difference between the ages of the two lives are, confiderable, 
thofe chances muft vary in proportion; and, therefore, unlefs 
the contingency is blended with another which fhall very much 
diminifh the probability of the event, the folution, by thus 
indifcriminately fuppofing the chances to be equal, muft be 
rendered extremely inaccurate. In Mr. Simpson’s 36th pro¬ 
blem the folution by this means appears to be abfurd : for, in 
the particular cafe in which C is the oldeft of the three lives, 

the value of the reverfionary annuity becomes =:-; that 

is, the value of an annuity in this cafe during the life of C 
after B and A, provided A dies firft, is the fame whatever be 
the age of B ; for no mention is made of his life in the fore¬ 
going exprefifion. It fhould be obferved, however, that the 
rule itfelf is ftridtly true, and that the error arifes from Mr. 
Simpson’s having been milled by the hypothefis in determin¬ 
ing the probability of B’s dying after A in his inveftigation of 
the 34th problem, which is applied to the folution of this 
problem 

I have declined giving fpecimens of the different values of 
the reverfions as deduced from the foregoing rules and thofe 
which have been hitherto publifhed, not only from an appre- 
henfion of becoming tedious, but alfo from the convittion 
that at prefent they are unneceflary; thofe which I have for¬ 
merly given being, I think, fufficient to prove the inaccuracy 
of M. de Moivre’s hypothefis. In thofe inftances in which I 
have compared fome of the foregoing rules with the approxi- 

* It is proper to obferve, that I have followed Mr. Simpson’s method of 
determining this contingency in the 23d, 27th, 28th, and 29th Problems in my 
Treatife on Annuities. 
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mations 
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matlons now In ufe, I have invariably found the latter to be 
erroneous; nay, in fome cafes, the values were almoft twice 
as great as they ought to have been. This is particularly true 
when one of the lives is very young, and both or either of the 
other lives are very old. In reverfions of this kind I believe 
that this is generally the cafe, and that it feldom happens that 
the ages of the three lives are nearly equal. Th& approxima¬ 
tions therefore can hardly ever be ufed with fafety, and it will 
certainly be moft prudent not to have recourfe to them when 
the correct values can be obtained. Should the difficulties 
attending the foiution of the remaining problems which in¬ 
volve three lives be furmounted (and the talk may not perhaps 
be impoffible), the hypothecs of an equal decrement of life, as 
far as it relates to any ufeful purpofe in the doftrine of annui¬ 
ties, may then be totally abandoned. Or fhould it even be 
found impracticable to deduce folutions of thofe problems 
which are ftriCtly and accurately true; yet, I am fatisfied from 
my own experience that fuch near approximations may be pro¬ 
cured as to render this hypothecs equally unneceffary. 


